The Hubbard model in D dimensions, with the onsite repulsion U and the transfer integral between neared neighbors −t/ √ D, is studied by the Kondo-lattice theory. If temperature T is nonzero and sufficiently high such that T > Tc, where Tc = 0 K for D = 1 and Tc is the highest critical temperature among all the possible ones for D ≥ 2, an insulator with a complete gap open can never be stabilized. If U/|t| ≫ 1, the electron filling is almost or exactly half, and D is sufficiently small such that kBTc ≪ |J|/D, where J = −4t 2 /U , what is stabilized at a nonzero and sufficiently low T such that kBTc < kBT ≪ |J|/D is neither the Mott insulator nor Lieb and Wu's insulator but a heavily renormalized electron liquid. Since the electron liquid is stabilized by the Kondo effect assisted by the resonating-valence-bond (RVB) mechanism, it is simply the RVB electron liquid; in one dimension, it is also the Tomonaga-Luttinger liquid. A mid-band appears on the chemical potential between the upper and lower Hubbard bands. The bandwidth, peak height, and spectral weight of the mid-band are O(|J|/D), O(1/U ), and O t 2 /(DU 2 ) , respectively. Since the mid-band is vanishing in the Heisenberg limit, the RVB electron liquid in the Heisenberg limit is simply the RVB spin liquid. Pieces of evidence are given that the metal-insulator transition between Lieb and Wu's insulator and the RVB electron liquid in one dimension, which occurs at T = 0 K, is a discontinuous one.
I. INTRODUCTION
The Hubbard model in one dimension is particular because no symmetry is broken in it [1] and the Bethe-ansatz exact solution is available for it [2] . According to the Bethe-ansatz solution, if the number of electrons N is equal to that of unit cells L such that N = L, the ground state is an insulator. When temperature T is the absolute zero Kelvin such that T = 0 K, a metalinsulator (MI) transition as a function of U/|t|, where U is the onsite repulsion and |t| is the strength of the transfer integral between nearest neighbors, occurs at an infinitesimal U such that U/|t| = +0. Since no symmetry is broken in one dimension, the MI transition is never due to a broken symmetry. Lieb and Wu argue that the MI transition at U/|t| = +0 is the Mott transition [2] . On the other hand, not a few people argue that the Mott transition is possible only at a sufficiently large U such that U/|t| = O(1) because it is due to strong electron correlation [3] [4] [5] [6] .
If U/|t| ≫ 1, the gap ǫ G (U ) in the spectrum of single-particle excitations is certainly as large as the Hubbard gap [4, 5] , or ǫ G (U ) = U − O(|t|). If U/|t| ≪ 1, however, ǫ G (U ) is vanishingly small; ǫ G (U ) is so singular at U = 0 that it cannot be expanded in terms of U and ǫ G (U )/[U ν /|t| ν−1 ] → 0 as U/|t| → 0 for any ν > 0. It is doubtful whether the vanishing gap for U/|t| ≪ 1 can be regarded as the Hubbard gap. Therefore, it is doubtful whether the MI transition at U = 0 in one dimension is the Mott transition. Unless |t|/U = 0, the residual entropy per unit cell is zero or vanishing, depending on N = L, in the thermodynamic limit [2] ; the third law of thermodynamics holds in the insulator in one dimension. No gap opens in its spectrum of spin excitations. Thus, the insulator in one dimension is a type of spin liquid. If |t|/U = 0 and N = L, the ground state is the prototype of Mott insulator, whose residual entropy is k B ln 2 per unit cell; the third law is broken in it. According to a previous paper [7] , if the Mott insulator is stabilized as the ground state even for a finite U/|t|, its residual entropy per unit cell has to be nonzero; the third law has to be broken in it. Thus, it is plausible that the Mott insulator is not a spin liquid. In the present paper, the insulator in one dimension is called Lieb and Wu's insulator in order to distinguish it from the Mott insulator.
The chemical potential µ is a natural variable in the grand canonical ensemble. The averaged number of electrons per unit cell as a function of µ is denoted as n(µ). The chemical potential such that the Hubbard model on a bipartite lattice, for which the Bethe-ansatz solution is given, is symmetric for it is denoted by µ 0 ; then, n(µ 0 ) = 1 for any T . If |µ − µ 0 | < (1/2)ǫ G (U ), n(µ) = 1 for T = 0 K; the ground state is Lieb and Wu's insulator, which has no Fermi surface. If |µ − µ 0 | > (1/2)ǫ G (U ), n(µ) = 1 for any T ; the ground state is the Tomonaga-Luttinger liquid, which is a metal with the Fermi surface as large as 2|k F | = (π/a)n(µ), where k F is the Fermi wave number and a is the lattice constant [8, 9] . If once T > 0 K, even if n(µ) = 1, metallic configurations of N electrons with N = L more or less contribute to physical properties in the grand canonical ensemble, so that in-gap states must appear. If and only if T = 0 K and |µ − µ 0 | < (1/2)ǫ G (U ), the insulator with a complete gap open, or Lieb and Wu's insulator, is stabilized. If T is sufficiently low and |µ − µ 0 | > (1/2)ǫ G (U ), the Tomonaga-Luttinger liquid is stabilized. Thus, the phase in the region of T > 0 K and |µ − µ 0 | < (1/2)ǫ G (U ) in the T -µ phase plane is, as it were, a crossover phase. It is interesting to study whether the crossover phase, in particular, the crossover phase in the strong-coupling region of U/|t| ≫ 1 is insulating or metallic.
The Hubbard model in the Heisenberg limit is equivalent to the Heisenberg model. In the Heisenberg model on the triangular lattice in two dimensions, the resonating-valence-bond (RVB) mechanism plays a crucial role in stabilizing a spin liquid, or the RVB spin liquid [10] . It is anticipated that the RVB mechanism is crucial on not only the triangular lattice but also other lattices in low dimensions, and in not only Heisenberg model but also the Hubbard model. It is interesting to study whether or not an electron liquid that can be called the RVB electron liquid can be stabilized by the RVB mechanism in the Hubbard model in low dimensions, in particular, one dimension.
One of the purposes of the present paper is to show that in-gap states actually appear at T > 0 K in one dimension. The other purpose is to show that, if no symmetry is broken at a nonzero and sufficiently low T in the exactly or almost half filling case of |µ − µ 0 | (1/2)ǫ G (U ), or n(µ) ≃ 1C in the strong-coupling region of U/|t| ≫ 1 in sufficiently low dimensions, what is stabilized at the nonzero and sufficiently low T is neither the Mott insulator nor Lieb and Wu's insulator but the RVB electron liquid; the RVB liquid in one dimension is also the Tomonaga-Luttinger liquid. The present paper is organized as follows: Preliminary is given in §II. The nature of Lieb and Wu's insulator in one dimension is studied in §III. The formulation of the Kondo-lattice theory is given in §IV. The RVB electron liquid is studied by the Kondo-lattice theory in §V. Adiabatic continuation between the RVB electron and spin liquids is studied in §VI. Discussion is given in §VII. Conclusion is given in §VIII. A sum rule is proved in Appendix A. An application of the sum rule is given in Appendix B. An equality is proved in Appendix C.
II. PRELIMINARY
We consider the Hubbard model on the chain, square lattice, cubic lattice, or hyper-cubic lattice in D dimensions:
where d † jσ and d jσ are creation and annihilation operators of an electron with spin σ at the jth unit cell, n jσ = d † jσ d jσ , ǫ d is the band center, −t/ √ D is the transfer integral between nearest neighbors, the summation over jj ′ is one over pairs of nearest neighbors, and U is the onsite repulsion. Since the transfer integral is nonzero only between nearest neighbors, the Hubbard model defined by Eq. (1) is on a bipartite lattice. The number of unit cells is L; and the thermodynamic limit of L → +∞ is assumed. The periodic boundary condition is assumed. When U = 0, the dispersion relation of an electron is given by
where k = (k 1 , k 2 , · · · , k D ) is the wave number, R j is the position of the jth unit cell, and
where a is the lattice constant. Because of the dimensional factor 1/ √ D in the transfer integral, the effective bandwidth of E(k) is O(|t|) for any D.
The number operator for electrons is defined by
Since [N , H] = 0, a many-body eigenstate is specified by the number of electrons N :[54]
where α is another quantum number or a set of quantum numbers specifying the many-body eigenstate. The lower limit of E N α is the energy of the ground state or the ground-state multiplet: E N α ≥ E N g , where g stands for the ground state or the ground-state multiplet. Since an infinite number of bosonic excitations that do not change N are possible in the thermodynamic limit, there is no upper limit for E N α . In the thermodynamic limit, E N α 's are continuously distributed in the range of E N g ≤ E N α < +∞.
III. NATURE OF LIEB AND WU'S INSULATOR
A. Complete gap at T = 0 K Here in §III, we assume D = 1. Two types of Fermi level can be defined in the canonical ensemble. One is the Fermi level when a single electron is added to the ground state and the other is the Fermi level when a single electron is removed from the ground state; they are defined by
respectively, for the ground state of N electrons. According to the Bethe-ansatz solution [2] , in the thermodynamic limit of
A complete gap opens only in the half filling case; the gap is defined by
The µ 0 discussed in §I is simply the average of µ + (L) and µ − (L):
Then, it follows that
The retarded Green function at T = 0 K in the site representation is given by
where v N is the degeneracy of the ground-state multiplet, the summation over g is one over the ground-state multiplet, and
The site-diagonal Green function is given by
where
Since the periodic boundary condition is assumed, all the unit cells are equivalent to each other, so that none of R σ (ε + i0; N ), D
N α (ε), and D
(+)
N α (ε) depend on the site index. Thus, the average over j or (1/L) j is introduced in Eq. (14) . The density of states per unit cell is given by
According to the Bethe-ansatz solution, if E Lα − E Lg < (1/2)ǫ G (U ) and
it follows that D Lα (ε) = 0. Thus, D Lg (ε) = 0 and ρ L (ε) = 0 for any ε such that
When T = 0 K, a complete gap opens in ρ L (ε) in the energy region of Eq. (17) . An issue to be studied is in which case D N α (ε) is nonzero. If N = L, the ground state is a metal with the Fermi surface as large as 2|k F | = (π/a)(N/L), as discussed in §I. Thus, no complete gap opens in ρ N (ε) and D N g (ε) with N = L; and ρ N (ε) and D N g (ε) with N = L are more or less nonzero even for an ε in the gap region of Eq. (17) . It is anticipated that D N α (ε) with N = L and α = g is also more or less nonzero even for an ε in the gap region of Eq. (17) . This anticipation is supported by another analysis, as shown below.
Equation (14) can also be described as
where δ y (x) = (1/π)|y|/(x 2 + y 2 ). In the limit of y → 0, δ y (x) is the delta function. Then, γ L;N β has to be defined in a way such that γ L;N β → +0 as L → +∞ and an infinite number of many-body eigenstates exist in the energy range of
The number of many-body eigenstates within the energy range of |E − E N β | ≤ γ L;N β is as large as M (L), which is infinite in the limit of L → +∞.
If U = 0, a jσ (N + 1)β is a linear combination of an infinite number of eigenstates of N electrons; it is certain that their energies are distributed in the range of E N g ≤ E < +∞.
[55] If a jσ (N + 1)β includes N α as its component, (N +1)β a † jσ N α = 0. However, in not a few cases, a jσ (N +1)β is orthogonal to N α , and (N +1)β a † jσ N α = 0; e.g., if the z components of the total spin are different from each other between a jσ (N + 1)β and N α , (N + 1)β a † jσ N α = 0. A similar argument is possible on the relation between a † jσ (N − 1)β and N α . On the other hand, an infinite number of
Since no symmetry is broken, it is certain that not a few ones among such an infinite number of a † jσ (N − 1)β 's and a jσ (N + 1)β 's include N α as their components, respectively. Thus,
is more or less nonzero for any ε; if N = L, D Lα (ε) is more or less nonzero for any pair of α and ε such that Eq. (16) is not satisfied for the pair.
B. Rigidity against the variation of the chemical potential
We consider the Hubbard model in the grand canonical ensemble. When the temperature of the reservoir is T , the thermal Green function in the site representation is given by
where ε ℓ = (2ℓ + 1)πk B T , with ℓ being an integer, is the fermionic energy, · · · T stands for the thermal average in the grand canonical ensemble, and
Since not only thermal energies but also electrons themselves can communicate between the Hubbard model and its reservoir, many-body eigenstates in the presence of an electron reservoir are more or less different from those in the absence of it, in general. If this difference can be ignored, many-body eigenstates in the absence of an electron reservoir can be used as those in the presence of it; then, Eq. (21) is given by
where N α is an eigenstate in the absence of an electron reservoir, or one according to the Bethe-ansatz solution in one dimension, and p N α (T ) is the probability function defined by
In this treatment, the communication of electrons between the Hubbard model and its reservoir is only implicitly considered through the probability function p N α (T ).
The site-diagonal retarded Green function is simply given by
which does not depend on the site index. The density of states is given by
The averaged number of electrons per unit cell is given by
where f + (ε) = 1/ e ε/(kBT ) + 1 . When the chemical potential µ is one such that
the Hubbard model is symmetric and n(µ 0 ) = 1 for any T , as discussed in §I.
We consider the case of
Then, Eq. (26) can also be described as
If µ is within the gap region defined by Eq. (17), or
it follows that
Then, ρ µ (ε) = 0 for an ε such that
If |µ − µ 0 | < (1/2)ǫ G (U ), a complete gap opens in ρ µ (ε) in the energy region of Eq. (32) . It follows that
Since ρ L (ε) of the canonical ensemble does not depend on µ, either ρ µ (ε − µ) or R σ (ε − µ + i0; µ) does not depend on µ.
Although the complete gap is due to electron correlation, Lieb and Wu's insulator is rigid against the variation of µ within the gap region of Eq. (30) exactly in the same manner as one in which Wilson's band insulator is rigid against the variation of µ.
C. Discontinuous metal-insulator transition
If |µ − µ 0 | < (1/2)ǫ G (U ), a complete gap opens in ρ µ (ε) and no Fermi surface exists. If |µ − µ 0 | ≥ (1/2)ǫ G (U ), no complete gap opens in ρ µ (ε) and the Fermi surface as large as 2|k F | = (π/a)n(µ) exists, as discussed in §I. Thus, e.g., if
+ then ρ µ (ε) > 0 even for −ǫ G (U ) < ε < 0 and the Fermi surface as large as 2|k F | = π/a exists. These discontinuous behaviors of ρ µ (ε) and the Fermi surface as a function of µ mean or at least imply that the MI transition at µ = µ 0 ± (1/2)ǫ G (U ) as a function of µ at T = 0 K is a discontinuous one.
D. In-gap states at
is also more or less nonzero. Thus, the ρ µ (ε) given by Eq. (26) is more or less nonzero for any ε, even if both of µ and ε are within their gap regions, i.e., even if Eqs. (30) and (32) are satisfied. The complete gap, which opens at T = 0 K, closes at T > 0 K. It should be noted that the ρ µ (ε) being more or less nonzero at T > 0 K is crucial in the following study of the present paper.
IV. KONDO-LATTICE THEORY
A. Single-site properties of the Hubbard model
Mapping to the Anderson model
In §IV, we assume that T > T c , where T c = 0 K in one dimension and T c is the highest critical or transition temperature among all the possible ones in two dimensions and higher. As discussed in §III D, ρ µ (ε) is more or less nonzero at T > 0 K in one dimension. It is certain that ρ µ (ε) is also more or less nonzero at T > T c in two dimensions and higher. Thus, if T > T c , ρ µ (ε) is more or less nonzero at least for a sufficiently small |ε| such that
This energy region is simply called a low-energy region in the following part.
Since no symmetry can be broken at T > T c , there is no doubt on the validity of the perturbative treatment in terms of U based on the Feynman-diagram method. [56] We consider a connected and irreducible Feynman diagram for a physical property. The diagram is composed of electron lines, each of which stands for R jj ′ σ (iε ℓ ; µ), and interaction lines, each of which stands for U . If only site-diagonal R σ (iε ℓ ; µ)'s appear in the diagram, it is a single-site diagram; and if at least a site-off-diagonal R j =j ′ σ (iε ℓ ; µ) appears in the diagram, it is a multisite diagram. In this way, the diagram can be classified into a single-site or multisite one. Then, the physical property is decomposed into the single-site term, which is the sum of all the single-site diagrams, and the multisite term, which is the sum of all the multisite diagrams.
The self-energy in the site-representation, Σ jj ′ σ (iε ℓ ), is defined by
where R jj ′ σ (iε ℓ ; µ) is the Green function for a nonzero U and
is one for U = 0. The self-energy is decomposed into the single-site and multisite terms:
where Σ σ (iε ℓ ) is the single-site one and ∆Σ jj ′ σ (iε ℓ ) is the multisite one; since the single-site one does not depend on the site index, the site index is not shown in it.
Since the site-diagonal R σ (iε ℓ ; µ) and the single-site Σ σ (iε ℓ ) are local properties, it is possible to map them to their corresponding local properties, respectively, of a proper impurity model. The proper impurity model is the Anderson model [11] [12] [13] [14] .
We consider the Anderson model defined bỹ
kσ and c kσ are creation and annihilation operators of condition electrons, andL is the number of unit cells of the lattice on which conduction electrons exist;ǫ d , E c (k), V k , andŨ have to be determined in the following way. When the temperature of the reservoir for the Anderson model is denoted byT , the Green function for local d electrons in the Anderson model is given byG
whereε ℓ = (2ℓ + 1)πk BT , with ℓ being an integer, and
In Eq. (39),Σ σ (iε ℓ ) is the self-energy for d electrons, which has to be calculated. Since the local self-energyΣ σ (iε ℓ ) is essentially a single-site one, onlyŨ andG σ (iε ℓ ) appear in any Feynman diagram for it. On the other hand, only U and R σ (iε ℓ ; µ) appear in any Feynman diagram for the single-site Σ σ (iε ℓ ) of the Hubbard model. Thus, provided that
are satisfied, it immediately follows that
Equation (41) is the condition to determine the Anderson model.
has to be satisfied in order to satisfy Eq. (41b); then, the set of T =T and Eq. (41b) is equivalent to
If all of Eq. (41a), Eq. (43), and
are satisfied, Eqs. (42) and (44) It should be noted that ∆(ε) given by Eq. (45) depends on the temperature T of the reservoir for the Hubbard model. Thus, the mapped Anderson model depends on the T through the T dependence of ∆(ε), i.e., the Anderson model includes the T as a parameter; eventuallyT = T has to be assumed.
If the Hubbard model is exactly solved for a T such that T > T c and then the Anderson model defined by Eqs. (41a), (43) , and (45) is also exactly solved for the same T as the one for the Hubbard model, any pair of corresponding properties are exactly equal to each other between the Hubbard and Anderson models; e.g.,
and so on, whereñ(μ) = n d↑ + n d↓ T andρ
When the chemical potential µ is the one given by Eq. (28), i.e., µ = µ 0 = ǫ d + (1/2)U , the Hubbard model is symmetric; and the mapped Anderson model is also symmetric. Then,
and so on.
If the multisite self-energy is ignored, the theory formulated above, or the Kondo-lattice theory is reduced to the supreme single-site approximation (S 3 A) [15] [16] [17] [18] . The S 3 A theory is rigorous for infinite dimensions, precisely speaking, for 1/D = 0,[58] but within the constrained Hilbert subspace where no symmetry is allowed to be broken. [59] Either the dynamical meanfield theory [19, 20] or the dynamical coherent potential approximation [21] is equivalent to the S 3 A theory.
Nonzero ∆(ε) of the mapped Anderson model
The Green function in the wave-number representation is given by
We define the following real functions:
According to Eq. (45), it follows that
In general,
is never divergent, it follows according to Eq. (53) that ∆(ε) < +∞ at least for an ε in the low-energy region of Eq. (34) .
By the conventional perturbative analysis in terms of U , which is useful in the weak-coupling region of U/|t| ≪ 1, it is easy to find terms that give nonzero contribution to ImΣ σ (ε + i0) and ImΣ σ (ε + i0, k), provided that T > 0 K and ρ µ (ε) > 0. On the other hand, the perturbative analysis in terms of J = −4t 2 /U on the basis of the Kondo-lattice theory is useful in the strong-coupling region of U/|t| ≫ 1; e.g., the RVB liquid is studied by the perturbative analysis in §V of the present paper. It is also easy to find terms that give nonzero contribution to ImΣ σ (ε + i0) and ImΣ σ (ε + i0, k), provided that T > 0 K and
If ImΣ σ (ε + i0, k) is nonzero for any k, R σ (ε + i0; µ) is never divergent, which means that both of Y 1 (ε) = ReR σ (ε + i0; µ) and Z 1 (ε) = −ImR σ (ε + i0; µ) are never divergent:
at least for an ε in the low-energy region of Eq. (34).
It is obvious that
, it follows that
It is obvious that Y 2 (ε) + Z 2 (ε) = 1. Then, it follows that
It is also obvious that the following two inequalities hold:
for any real x. Thus,
where the equality holds if and only if S 1 (ε, k) is constant as a function of k; and
where the equality holds if and only if S 2 (ε, k) is constant as a function of k. If at least one of S 1 (ε, k) and S 2 (ε, k) is not constant as a function k, the equality does not hold in at least one of Eqs. (60a) and (60b); according to Eqs. (55) and (58), ) ; then, according to Eqs. (53) and (55),
Thus, it follows that
at least for an ε in the low-energy region of Eq. (34). If T > T c , then ρ µ (ε) > 0; and Eq. (61) is satisfied without fail in any possible solution for T > T c .
Polarization function in the spin channel
The decomposition of the irreducible polarization function in the spin channel into the single-site and multisite ones is also possible: In the wave-number representation, π s (iω l , q) = π s (iω l ) + ∆π s (iω l , q), where π s (iω l ) is the single-site one, ∆π s (iω l , q) is the multisite one, and ω l = 2lπk B T , with l being an integer, is the bosonic energy. The single-site π s (iω l ) is also mapped to the localπ s (iω l ) of the Anderson model: π s (iω l ) =π s (iω l ). The spin susceptibilities of the Anderson and Hubbard models are given byχ
respectively, where the conventional factor (1/4)g 2 µ 2 B is not included. The Kondo temperature T K is defined by
where the subscriptT → 0 K means that the temperature T of the reservoir for the Anderson model is the absolute zero Kelvin; and T of the reservoir for the Hubbard model, or the parameter T is explicitly shown in Eq. (63) The analysis so far is valid for any finite U/|t|. The analysis in the following part is only valid for
for T T K and |ω l | k B T K ; and it follows that
and, therefore, (65) is used, it immediately follows that
for T T K and |ω l | k B T K , where
The terms of O(k B T K /U ) in Eqs. (66) and (69) are ignored in this paper; thus, e.g.,
Equation (69) is consistent with the physical picture for Kondo lattices that local spin fluctuations interact with each other with an intersite exchange interaction; I s (iω l , q) is none other than the intersite exchange interaction. The Néel temperature T N can be determined by Eq. (69):
where T N (q) as a function of q is defined by
In the following part of the present paper, it is assumed that D is sufficiently small such that T c ≪ T K , where T c is the one defined in §IV A 1; since T c ≥ T N , this assumption also means that D has to be sufficiently small such that T N ≪ T K or no T N exists.
Three-point vertex function in the spin channel
The reducible and irreducible three-point vertex functions in the spin channel are also decomposed into the single-site and multisite ones. The single-site functions of them can also be mapped to the local vertex functions of the mapped Anderson model, respectively. If they are denoted byΛ
If Eq. (66) is used, it follows that
where the term of O(k B T K /U ) is ignored.
B. Perturbative scheme to include multisite terms
Unperturbed state of the Kondo-lattice theory
The Kondo-lattice theory is a perturbation theory. The unperturbed state of it is constructed through the mapped Anderson model; all the single-site terms can be rigorously included in the unperturbed state, in principle. Then, multisite or intersite terms are perturbatively considered in terms of a mutual intersite interaction, but self-consistently with the unperturbed state to satisfy the mapping condition given in §IV A 1. Here in §IV B 1, we construct the unperturbed state.
In the Anderson model of Eq. (38), the Fermi surface of the conduction band is defined byμ =Ẽ c (k F ), where k F is the Fermi wave number. Thus, ∆(0) > 0 is a sufficient condition for the existence of the Fermi surface. According to Eq. (61), or 0 < ∆(ε) < +∞, the Fermi surface exists in the Anderson model. Then, the Kondo effect is crucial and the ground state of the Anderson model is the normal Fermi liquid, which is characterized by a nonzero T K .
For convenience, we introduce an infinitesimal external Zeeman energy in the Anderson model:
whereh = 0 + . We assume thatT ≪ T K (T ), whereT and T are the temperatures of the reservoirs of the Anderson and Hubbard models, respectively; here, for convenience, theT and T are treated as being independent of each other, although eventuallỹ T = T has to be assumed. IfT ≪ T K (T ), the retarded self-energy can be expanded in a way such that [22] [23] [24] 
TheW s (T ) is none other than the Wilson ratio [25] . If ∆(ε; T ) is constant as a function of ε,W s (T ) = 2 in the s-d model or the s-d limit of the Anderson model [22, 23, 25] . It is anticipated that ifŨ /[π∆(0; T )] ≫ 1 andñ(μ) ≃ 1 thenW s (T ) ≃ 2 for the mapped Anderson model, whose ∆(ε; T ) depends on ε, in general. The Fermi-liquid relation is available for the normal Fermi liquid [22, 23, 26, 27] . IfT → 0 K is assumed for a given T , the susceptibility of the Anderson model is approximately [61] given by
whereρ(0; T ) is the density of states of the Anderson model defined by Eq. (47). IfT is sufficiently low such thatT ≪ T K (T ), then it follows thatχ
where δT =T /T K (T ); therefore, it follows that
On the other hand, ifñ(μ) = 1 andT → 0 K, then ReG σ (+i0; T ) = 0 and ImΣ σ (+i0; T ) → 0; thus, it follows that according to Eq. (47) that
Therefore, ifT ≪ T K (T ) andñ(μ) ≃ 1 then πρ(0; T )∆(0; T ) ≃ 1; thus, it follows that
The bosonic energy forT is denoted byω l = 2πlk BT , with l being an integer. According to the Ward relation [28] , it follows thatΛ
whereω l ′ = 0. According to Eqs. (74) and (82),
whereω l ′ = 0. According to Eqs. (72) and (83),
whereω l ′ = 0. In this paper, Eq. (84) is used for
Every single-site property depends on the parameter T . If the T is much lower than T K (T ) such that T c < T ≪ T K (T ), the parameter-T dependence is so small that it can be ignored, except in the case of D = 2 and n(µ) ≃ 1, as discussed in §VII. In the following part,T = T is assumed andT is simply denoted by T ; and the parameter T is not shown, for simplicity.
If Eq. (74) is used, the Green function of the Hubbard model is given by
In Eq. (85b),h and −φ 2 ε/ π∆(0) are ignored. The Green function given by Eq. (85) is accurate for |ε l | ≪ k B T K and T ≪ T K ; and it can be approximately used for |ε l | k B T K or T T K , but with sufficient accuracy. In general, ifφ 1 ≫ 1, the density of statesρ(ε) of the Anderson model has a three-peak structure with the Kondo peak between two sub-peaks; the bandwidth and spectral weight of the Kondo peak are O(k B T K ) and 1/φ 1 , respectively. Since ρ µ (ε) =ρ(ε), as shown in Eq. (46), the density of states ρ µ (ε) of the Hubbard model has also a three-peak structure with a mid-band between the upper and lower Hubbard bands; the bandwidth and spectral weight of the mid-band are also O(k B T K ) and 1/φ 1 , respectively. In this case, the Green function given by Eq. (85) can only describe the mid-band but it cannot describe the upper and lower Hubbard bands. Theφ 1 is none other than the mass enhancement factor for electrons in the mid-band due to single-site or local electron correlation. Equation (85b) can also be described in a way such that
In the Kondo-lattice theory,
σ (iε l , k) is the unperturbed Green function and it can be determined though the mapped Anderson model; and the multi-site (1/φ 1 )∆Σ σ (iε l , k) or ∆Σ σ (iε l , k) of the Hubbard model has to be selfconsistently calculated with the mapped Anderson model to satisfy the mapping condition given in §IV A 1.
Superexchange Interaction
The intersite exchange Interaction I(iω l , q) can be decomposed into three terms:
where J s (0, q) is the superexchange interaction, which is studied here in §IV B 2, and J Q (0, q; T ) is an exchange interaction that arises from the virtual exchange of a pair excitation of an electron and a hole within the mid-band [32] [33] [34] , [62] and Λ(iω l , q) is the sum of all the remaining terms, such as the mode-mode coupling term, terms due to quantum and thermal critical fluctuations, and so on.
According to Hubbard's theory [4, 5] , the band splits into the upper and lower Hubbard bands. Since Hubbard's theory is under the single-site approximation, the result of Hubbard's theory can be approximately used for high-energy local properties of the mapped Anderson model. The Green function and the self-energy of the mapped Anderson model are approximately given byG
for |ε l | ≫ k B T K , where T =T , ǫ d − µ =ǫ d −μ, and U =Ũ are assumed, andñ σ µ,h is the averaged number of localized electrons with spin σ in the presence of the infinitesimal Zeeman energyh; in Eq. (89b),h's in the denominators are ignored because they are not crucial. If the rigorousñ ↑ µ,h andñ ↓ µ,h are used in Eq. (89), i.e., if
is used, it follows according to Eqs. (72), (82), and (89) that
for ω l ′ = 0 and |ε l | ≫ k B T K . The superexchange interaction arises from the virtual exchange of an electron in the upper Hubbard band and a hole in the lower Hubbard band, and is a second-order effect in −t/ √ D. According to Eq. (68), therefore, the superexchange interaction is given by
is given by Eq. (89b), and Eq. (91) are used, the static part of J jj ′ (iω l ) is given by
This agrees with the one derived by the conventional theory [35] . Since J jj ′ (ω + i0) → 0 as ω → +∞, and J jj ′ (ω + i0) is analytical in the upper-half complex plane, J jj ′ (iω l ) can be described, in general, as
Since X J (x) has a peak around x = U , it is assumed in this paper that X J (x) = (1/2)U δ(x − U ). Then, it follows that
where ϕ D (q) is defined by Eq. (3). In the static limit of |ω l |/U → 0, Eq. (95) is reduced to
cos(q ν a).
The J s (iω l , q) is of higher order in 1/D for almost all the q's; and it is of the zeroth order in 1/D for particular q's such as q = (0, 0, · · · , 0), q = (π/a)(±1, ±1, · · · , ±1), and so on.
Mutual interaction in the strong-coupling region
Electrons in the vicinity of the chemical potential interact with each other by the mutual interaction mediated by spin fluctuations. The mutual interaction of the first order in the spin-fluctuation mode is given by
where iε l ′ and iε l ′′ are the energies of incoming electrons, and iε l ′ + iω l and iε l ′′ − iω l are those of outgoing ones, and iω l is the transfer energy. Since the single-site part is considered in the Anderson model, it is subtracted in Eq. (97) in order to avoid double counting. It follows that
If Eqs. (84) and (98) are used for |ω l | k B T K , Eq. (97) is simply described asφ 2 s I * s (iω l , q). If once the mapped Anderson model is solved and the single-siteΣ σ (iε l ) andχ s (iω l ) are given, the multisite ∆Σ σ (iε l , k) and ∆π(iω l , q) can be perturbatively calculated in terms of the intersite I s (iω l , q). Since the single-site terms are considered in the Anderson model, only multisite terms have to be considered in this perturbative scheme in order to avoid double counting. Thus, the intersite I s (iω l , q) has to be treated as the bare intersite exchange interaction, and the single-siteφ s has to be treated as the bare vertex function; and I * s (iω l , q) is the renormalized intersite exchange interaction, which is enhanced or screened by intersite spin fluctuations depending on q.
The I s (iω l , q) is of higher order in 1/D for almost all the q's except for particular q's, as J s (iω l , q); e.g., the I s (0, Q), where Q is the ordering wave number determined by Eq. (70), is of the zeroth order in 1/D and it corresponds to the conventional Weiss mean field. The Kondo-lattice theory, which is a perturbative theory in terms of I s (iω l , q), is also 1/D expansion theory.
V. RESONATING-VALENCE-BOND (RVB) ELECTRON LIQUID

A. Fock-type exchange effect of the superexchange interaction
Here in §V, we assume that U/|t| ≫ 1, µ is one such that |n(µ) − 1| ≪ 1 or n(µ) ≃ 1, D is sufficiently small such that T c ≪ T K , and T c < T ≪ T K .
We consider only the superexchange interaction J s (iω l , q) in I s (iω l , q) given by Eq. (88). There are two types of self-energy of the first order in J s (iω l , q). One is the Hartree-type self-energy:
The other is the Fock-type self-energy [36] :
where σ = (σ x , σ y , σ z ) is the Pauli matrix. The Hartree-type self-energy is included in the conventional Hartree term, which is given by
as a part of it. Since the conventional Hartree term is one of the terms for the single-site self-energy, which is considered in the mapping to the Anderson model, Σ
σ (iε l ) has not to be considered in order to avoid double counting. What is considered by the Fock-type self-energy is the Fock-type exchange effect of the superexchange interaction, which is none other than the RVB mechanism [37] ; thus, the Fock-type self-energy is called the RVB self-energy.
If Eq. (85), Eq. (95), and the equality of
are used, the RVB self-energy is calculated to be
whereW s =φ s /φ 1 is the Wilson ratio, J = −4t 2 /U , and
where g σ (ǫ + i0, p) is given by Eq. (85b), and f ± (ǫ) = 1/ e ǫ/(kBT ) ± 1 . It is easy to show that
In the limit of U/|ε l | → +∞ or in the limit of |ε l |/U → 0, Ξ D (iε l ) is simply given by
If |ε l |/U ≪ 1, Eq. (106) can be used for Ξ D (iε l ) with a sufficient accuracy. Then, 
where µ * is defined by Eq. (85c), and
The density of states at the chemical potential is given by
According to Eqs. (79) and (109), it follows that
The k B T K or |t * | has to be much larger than k B T c for this scheme to be relevant. The mid-band can be described by the four parameters of µ * , t * ,φ 1 , and c J . Since they depend on each other, they have to be self-consistently calculated with each other as a function of T and µ to satisfy the mapping condition given in §IV A 1, in principle. They can be approximately evaluated, as discussed below.
According to Eq. (B13), if U/|t| ≫ 1 and
. On the other hand, according to Gutzwiller's theory [29] [30] [31] , if U/|t| → +∞ and n(µ) ≃ 1, then 1/φ 1 = O(|n(µ) − 1|). Thus, it is reasonable to assume that
where c 1 = O(1) and c 2 = O(1), for U/|t| ≫ 1 and n(µ) ≃ 1. If no symmetry is broken even at T = 0 K, the Fermi-surface sum rule [26, 27] can be used to determine µ * for T = 0 K:
When T = 0 K and n(µ) = 1, e.g., it follows that µ * = 0, which is the one required by the particle-hole symmetry. In this case, 
If |Ξ D | = 1/3 andW s = 2 are assumed, then c J = 1. Since J = −4t 2 /U , according to Eq. (108b),
B. Possible types of electron liquid in the strong-coupling region
Since U/|t| ≫ 1 and |n(µ) − 1| ≪ 1 or n(µ) ≃ 1 here, it follows that
The spectral weight of the mid-band 1/φ 1 is much smaller than unity. The bandwidth of the mid-band, which is O(|t| * ), is much smaller than the bare bandwidth, which is O(|t|). If 1/φ 1 ≫ 2c J |t|/(DU ), the RVB mechanism is not crucial in the formation of the mid-band. On the other hand, if 1/φ 1 2c J |t|/(DU ), the RVB mechanism is crucial in the formation of the mid-band; an electron liquid in this case is none other than the RVB electron liquid. We consider typical four cases of U/|t| and µ. First, we consider the case of
It follows that
Even in the limit of U/|t| → +∞, all of 1/φ 1 , ρ µ (0), and k B T K remain nonzero. If U/|t| is so large that 2c J |t|/(DU ) ≪ c 2 |n(µ) − 1|, the RVB mechanism is never crucial. The electron liquid in this case is none other than the one given in the Gutzwiller approximation [29] [30] [31] . If 2c J |t|/(DU ) < c 2 |n(µ) − 1| but 2c J |t|/(DU ) ≃ c 2 |n(µ) − 1|, the RVB mechanism plays a role but a rather minor role in the stabilization of the electron liquid. Second, we consider the case of
The RVB mechanism plays a major role in the stabilization of the electron liquid in this case. Third, we consider the case of
The electron liquid in this case is stabilized by the RVB mechanism. The spectral weight and the density of states of the mid-band, 1/φ 1 and ρ µ (0), decrease as U/|t| increases. The bandwidth of the mid-band is
Last, we consider a particular case of Eq. (120), i.e., the Heisenberg limit of U/|t| → +∞, with J = −4t 2 /U kept constant; and µ = ǫ d + (1/2)U or n(µ) = 1 is also assumed. It follows that
The electron liquid in the Heisenberg limit is a typical type of RVB electron liquid. Although the bandwidth of the mid-band is as large as |J|/D, the spectral weight and the density of states of the mid-band are vanishing. Thus, the typical type of RVB electron liquid is an almost spin liquid; thus, it is none other than the RVB spin liquid.
C. Metallic conductivity of the RVB liquid in the Heisenberg limit
The purpose of §V C is to examine whether or not the electrical conductivity is vanishing in the typical type of RVB electron liquid, which is an almost spin liquid.
Magnetic impurities are introduced into the Hubbard model:
where S ′ j is an impurity spin at the jth unit cell. An ensemble is considered for the exchange-interaction constant J ′ j . It is assumed that J ′ j is positive, or zero, or negative, and that it is completely random from unit cell to unit cell and from sample to sample:
where · · · stands for the ensemble average. If once the ensemble average is taken, the translational symmetry is restored in the averaged system. Thus, the self-energy due to impurity scatterings is diagonal with respect to the wave number. Here, it is assumed that |J
In the Born approximation, the self-energy is given by solving self-consistently
where S ′ is the magnitude of the impurity spins, Σ σ (iε l ) is the ensemble-averaged self-energy due to impurity scatterings, g σ (iε l , k) is the ensemble-averaged one of g σ (iε l , k), which is defined by Eq. (0)] is of the zeroth order in 1/φ 1 , so thatγ K (iε l ) is also of the zeroth order in 1/φ 1 .
According to the Kubo formula [38] , the electrical conductivity is given by
where K xx (ω + i0) is the retarded one of
whereĵ x is the first or x component of the current operator defined bŷ
and Π xx (iω l ) is defined by
where k x = k 1 and p x = p 1 . The current vertex j x (k) has to be consistently renormalized with Σ σ (iε l ) and ∆Σ (RVB) σ (iε l , k) in order to satisfy the Ward relation [28] . The vertex correction due to impurity scatterings vanishes in the Born approximation; the ladder vertex of the first order in the J s (iω l , q) is crucial. If Eqs. (96) and (102) are used, it follows that
According to Eq. (126), the ω l -linear term of K xx (iω l ) contributes to the static conductivity σ xx (0), so that the ω l -linear term of Π xx (iω l ) contributes to it. It follows that
According to Eq. (C6), it follows thatφ
If Eqs. (132) and (133) are used, the static conductivity is simply given by
If 2 sin 2 (k x a) = 1 − cos(2k x a) is used and the term that includes cos(2k x a) is ignored, then
If T c < T ≪ T K and if
are approximately used for −γ K (ε + i0) and −(1/φ 1 )ImΣ σ (ε + i0), respectively, and if the energy dependences of ρ µ (E) and (1/φ 1 )ReΣ σ (ε + i0) are ignored, then it follows that
Since |t
, the conductivity is of the zeroth order in 1/φ 1 . Thus, it does not vanish even in the limit ofφ 1 → +∞, although ρ µ (0)|t| → 0 asφ 1 → +∞. In a clean system, /τ s = 0. If no symmetry could not be broken nor no complete gap could not open even at T = +0 K in the absolutely clean system, then 1/τ K → 0 as T → 0 K, so that the conductivity would diverge as T → 0 K. If T is sufficiently low, the RVB electron liquid shows a metallic conductivity even in the Heisenberg limit at least under the Born approximation.
[63]
VI. ADIABATIC CONTINUATION BETWEEN THE RVB ELECTRON AND SPIN LIQUIDS
We assume that T > T c and µ = ǫ d + (1/2)U , or n(µ) = 1. In the Heisenberg limit of U/|t| → +∞, with J = −4t 2 /U being kept constant, the Hubbard model is reduced to
The last term within the bracket in Eq. (140) is an impurity term, which corresponds to Eq. (123). Because of the projection operator P, the Hilbert space is constrained within the subspace where no empty nor double occupancy is allowed. Since S j 's satisfy the commutation relation for spin within the constrained Hilbert subspace, if the constant term of Lǫ d and the impurity term are excluded in Eq. (140), H S is none other than the Heisenberg model. The local gauge symmetry does not exists in the original model of the Hubbard model but it does in the reduced model of the Heisenberg model:
for any jth site. The role of the superexchange interaction is dual: the cause and suppression of magnetic instability. Since there is no suppression effect in infinite dimensions, the mean-field approximation is rigorous for the Heisenberg model in infinite dimensions; the Néel temperature is as high as T N = |J|/(2k B ) in not only the Heisenberg model but also the Heisenberg limit of the Hubbard model, as shown in Eq. (150). In lower dimensions, T N is mainly suppressed or reduced by two mechanisms: critical spin fluctuations and the RVB mechanism [10] . The RVB mechanism stabilizes or prefers an unordered electron liquid in the Hubbard model and an unordered spin liquid in the Heisenberg model, rather than the Néel state. The stabilization energy due to the RVB mechanism is O(|J|/D) per pair of nearest neighbors or per unit cell; the RVB mechanism is O (1/D) . Thus, if D is sufficiently small such that no T N exists or, if it exists, T N ≪ |J|/(Dk B ), electron and spin liquids in the Hubbard and Heisenberg models at a T such that T N < T ≪ |J|/(Dk B ) are none other than the RVB electron and spin liquids, respectively. The purpose of this section is to examine whether or not the RVB electron and spin liquids in the Hubbard and Heisenberg models are adiabatically connected to each other.
The local gauge symmetry is a peculiar symmetry such that it cannot be spontaneously broken [40] ; thus, it cannot be spontaneously restored either. In the reduction of the Hubbard model into the Heisenberg model, the local gauge symmetry is not spontaneously restored but is forced to be restored by the constraint of the Hilbert space within the subspace where no empty nor double occupancy is allowed. The difference in the local gauge symmetry between two phases can never deny the possibility of the adiabatic continuation between them, as discussed below.
The relation between the Hubbard and Heisenberg models is similar to that between the Anderson and s-d models. In the s- The electrical conductivity of the RVB spin liquid is zero, but that of the RVB electron liquid can be divergent at T = +0 K even in the Heisenberg limit if no impurity exists and no symmetry breaking occurs even at T = +0 K, as studied in §V C. This extreme difference in the conductivity cannot exclude the possibility of the adiabatic continuation between the RVB spin and electron liquids either, as discussed below. The strength of magnetic impurities can be used as an adiabatic parameter. Here, it is assumed that −∞ < J ′ i < +∞ and 0 < |J ′ | 2 < +∞. Clean and dirty limits are defined by the limit of |J ′ | 2 → 0 and the limit of |J ′ | 2 → +∞, respectively. In the dirty-limit Hubbard model, an electron is localized almost within a unit cell, so that the local gauge symmetry is almost restored and the conductivity is almost zero. Therefore, it is certain that every physical property of the dirty-limit Hubbard model in the Heisenberg limit is the same as that of the dirty-limit Heisenberg model. Thus, the electron state in the dirty-limit Hubbard model in the Heisenberg limit and the spin state in the dirty-limit Heisenberg model are adiabatically connected to each other.
According to the scaling theory for the Anderson localization [39] , there is no critical point between metallic and insulating phases, or between itinerant and localized states, or between the clean and dirty limits; and there is no lower limit of the metallic conductivity nor no minimum metallic conductivity. Therefore, the RVB electron liquid in the clean-limit Hubbard model is adiabatically connected to the electron state in the dirty-limit Hubbard model. It is obvious that the RVB spin liquid in the clean-limit Heisenberg model is adiabatically connected to the spin state in the dirty-limit Heisenberg model. Thus, the RVB electron liquid in the clean-limit Hubbard model and the RVB spin liquid in the clean-limit Heisenberg model are adiabatically connected to each other.
VII. DISCUSSION
First, we consider one dimension. As shown in Eq. (7), µ + (L) − µ − (L) = ǫ G (U ) > 0 in the thermodynamic limit of L → +∞. This is, as it were, an effect of O(1/L). It is surprising that the effect of O(1/L) is nonzero and crucial in the thermodynamic limit at T = 0 K in the canonical ensemble.
We consider the case of n(µ) = 1 and T > 0 K in the grand canonical ensemble. If many-body eigen-functions in the absence of an electron reservoir, which are those of the Bethe-ansatz solution, are approximately used as those in the presence of it, then ρ µ (0) is more or less nonzero, as studied in
in the strong-coupling region, as shown in Eq. (121). Lieb and Wu's insulator is unstable in the presence of an infinitesimal thermal perturbation at T = +0 K.
It is interesting to examine whether or not Lieb and Wu's insulator is stable and rigid in the manner discussed in §III B in the presence of an explicit reservoir, i.e., if the communication of electrons between the Hubbard model and its reservoir is explicitly considered. A simplified reservoir, which does not break the translational symmetry, was explicitly considered in a previous paper [14] . If the same one is explicitly considered, it is straightforward to show that no complete gap can open even at T = 0 K.[64] Lieb and Wu's insulator, in which a complete gap opens, is neither stable nor rigid at least in the explicit presence of the simplified reservoir. It is interesting to examine whether ρ µ (0) = 0 or ρ µ (0) > 0 at T = 0 K in the explicit presence of a realistic reservoir, which breaks the translational symmetry, i.e., whether or not the effect of O(1/L) is nonzero and crucial at T = 0 K in its explicit presence.
We consider the Heisenberg limit at T = +0 K. If no multisite term but the RVB self-energy is considered, the spectrum of a single-particle excitation is given by
where c J ≃ 1 and µ * = 0. The spectrum of a electron-hole pair excitation is given by
where k and q are restricted to cos[(k + q)a] > 0 and cos(ka) < 0. Then,
In the Heisenberg limit, in which the setting of n(µ) = 1 is followed by the limit of U/|t| → +∞, [65] the mid-band is vanishing and low-energy quantum charge fluctuations are also vanishing. Thus, the charge-channel spectral weight of the ω(q) is vanishing, i.e., the pair excitation ω(q) is almost a spin excitation. This spin-excitation spectrum ω(q) in the Hubbard model in one dimension resembles the spin-excitation spectrum in the Heisenberg model in one dimension [42] . On the basis of the adiabatic continuation, it is anticipated that physical properties resemble each other between the Hubbard and Heisenberg models even in one dimension, except for physical properties that are related to the itineracy of electrons. It has already been proposed that the spin liquid in one dimension can be described as the Tomonaga-Luttinger spin liquid [43] [44] [45] .
Next, we consider two dimensions. The half-filled Hubbard model on the square lattice is also particular; no symmetry can be broken at a nonzero T [1] , and ρ µ (ε) for U = 0 diverges logarithmically as ε → 0 because of the saddle-point van Hove singularity. It follows that
In the temperature range of δT < T ≪ |J|/(Dk B ), where D = 2 and δT is sufficiently large such that δT = 0.1|J|/(Dk B ), the logarithmic divergence ofφ 1 ρ µ (ε) as ε → 0 is suppressed by the imaginary part of the self-energy. Then,
. On the other hand, if T is very low such that T ≪ 0.1|J|/(Dk B ) or T ≪ 0.01|J|/(Dk B ), the increase or divergence ofφ 1 ρ µ (ε) as ε → 0 is substantial, so that it is anticipated that T K (T ) → 0 K and 1/χ s (0; T ) → 0 as T → 0 K. [66] Since 1/χ s (0; T ) → 0 as T → 0 K and the superexchange interaction J s (0, q) is maximum at q = Q, where Q = (±1, ±1)(π/a), the ground state in the square lattice is the Néel state whose ordering wave number is Q or the RVB electron liquid in the critical region of antiferromagnetism; and a low-T phase such that 0 K < T ≪ |J|/(Dk B ) is the RVB electron liquid in the critical region of antiferromagnetism. It is anticipated that an anomaly appears in the uniform susceptibility of the low-T phase, as discussed below. According to Eq. (69), it follows that
The J s (0, q) is antiferromagnetic; J s (0, Q) = 2|J|, J s (0, 0) = −2|J|, and ∆ s (T ) = 4|J|. The T dependence of ∆ s (T ) can be ignored. According to previous papers [32, 34] , if the density of states has a sharp peak at one of the band edges and the chemical potential is in the vicinity of the peak position, J Q (0, q; T ) is strongly ferromagnetic, i.e., J Q (0, 0; T ) is positively large and J Q (0, 0; T ) increases as T → 0 K. On the other hand, if the Fermi surface shows a sharp nesting, it is strongly antiferromagnetic, i.e., J Q (0, Q N ; T ) is positively large and J Q (0, Q N ; T ) increases as T → 0 K, , where Q N is a nesting wave number. [67] In the half-filled Hubbard model on the square lattice, the Fermi surface shows a sharp nesting for Q = (±1, ±1)(π/a), so that J Q (0, Q; T ) is positively large at a sufficiently low T and J Q (0, Q; T ) increases as T → 0 K; and the density of states has a logarithmic peak at the band center, at which the chemical potential lies, so that J Q (0, 0; T ) is also positive at a sufficiently low T and J Q (0, 0; T ) increases as T → 0 K. Since the peak of the density of states is at the band center and since the nesting effect is larger or stronger than the logarithmic-peak effect, ∆ Q (T ) > 0 and the T dependence of J Q (0, Q; T ) is much stronger than that of J Q (0, 0; T ). Thus, the T dependence of ∆ Q (T ) is large; ∆ Q (T ) increases as T → 0 K. The Néel temperature T N cannot be nonzero because of critical fluctuations or Λ(0, q; T ), which means that the T dependence of Λ(0, q; T ) is large. In general, the q dependence of the mode-mode coupling term is small, so that the q dependence of Λ(0, q; T ) is small; therefore, ∆ Γ (T ) is small, and the T dependence of the small ∆ Γ (T ) is also small. The T dependence of 1/χ s (0, Q; T ) deviates from the Curie-Weiss T dependence in the critical region. If the low-T phase is really in the critical region, 1/χ s (0, Q; T ) ≃ 0 has to be satisfied in it. Therefore, it is anticipated on the basis of Eq. (147) that the T dependence of 1/χ s (0, 0; T ) resembles the T dependence of ∆ Q (T ) in the critical region. Since ∆ Q (T ) increases as T → 0 K, 1/χ s (0, 0; T ) increases as T → 0 K, i.e., χ s (0, 0; T ) decreases as T → 0 K. The decrease of χ s (0, 0; T ) as T → 0 K is simply the suppression of the static and uniform susceptibility as T → 0 K, which really occurs in the Heisenberg model on the square lattice [46, 47] .
It is straightforward to extend the study in the present paper to the triangular lattice. If T > 0 K, no symmetry can be broken [1] . The electron state at 0 K < T ≪ T K or 0 K < T ≪ |J|/(Dk B ) in the Hubbard model is a frustrated electron liquid in the sense that no symmetry is broken in it, and the spin state at 0 K < T ≪ |J|/(Dk B ) in the Heisenberg model is the RVB spin liquid proposed by Fazekas and Anderson [10] . We propose that the frustrated electron liquid in the Hubbard model is none other than the RVB electron liquid, and that the RVB electron and spin liquids in the Hubbard and Heisenberg model on the triangular lattice are adiabatically connected to each other.
In three dimensions, it is possible that T N ≪ |J|/(Dk B ) because of frustration and quasi-one or quasi-two dimensionality. It is interesting to study how magnetic properties at T N < T ≪ |J|/(Dk B ) resemble each other between an electron liquid in the Hubbard model in the strong-coupling region, which is the RVB electron liquid, and a spin liquid in the Heisenberg model, which is the RVB spin liquid.
We consider infinite dimensions. If D → +∞ and
Thus, when T ≫ T K , the static susceptibility of the mapped Anderson model is given byχ
and that of the Hubbard model is given by
This χ s (0, q) agrees with the susceptibility in the mean-field approximation for the Heisenberg model. The Néel temperature is given by
where Q = (±1, ±1, · · · , ±1)(π/a). This T N also agrees with the Néel temperature in the mean-field approximation for the Heisenberg model. Since either the 1/D expansion theory or the mean-field approximation is rigorous in the limit of D → +∞, these agreements are reasonable. The Kondo temperature T K or k B T K is the energy scale of single-site or local spin fluctuations in the Hubbard and Heisenberg models, as it is in the Anderson and s-d models. If T ≪ T K , the ensemble of electrons or spins behaves as a liquid; k B T K is the effective Fermi energy in the Hubbard and Anderson model and is a kind of effective Fermi energy in the Heisenberg and s-d models. If T ≫ T K , electrons or spins behaves as localized moments. Thus, itinerant-electron magnetism and local-moment magnetism are characterized by T N ≪ T K and T N ≫ T K , respectively. If T N exists in sufficiently low dimensions, T N ≪ T K and itinerant-electron magnetism appears. If T N exists in sufficiently high dimensions, T N ≫ T K and local-moment magnetism appears. Magnetism in the RVB electron or spin liquid is a typical one of itinerant-electron magnetism, and magnetism in infinite dimensions discussed above is a typical one of local-moment magnetism.
We consider the case of T N ≫ T K . The entropy of the paramagnetic phase at T > T N , i.e., at T ≫ T K is as large as k B ln 2 per unit cell, and the static susceptibility of it obeys Eq. (149), at least approximately. Thus, the paramagnetic phase is, as it were, a paramagnetic type of Mott insulator. The antiferromagnetic phase at T ≤ T N is the Néel state of local-moment magnetism. Thus, the antiferromagnetic phase is, as it were, an antiferromagnetic type of Mott insulator. Either type of Mott insulator is none other than the type of Mott insulator proposed by Slater [48] .
Lieb and Wu's insulator is a type of spin liquid, as discussed in §I. Since no T N exists and T K = 0 K in the prototype of Mott insulator discussed in §I, it is simply the paramagnetic type of Mott insulator. The paramagnetic type of Mott insulator and Lieb and Wu's insulator should be distinguished from each other, although either of them is an insulator due to electron correlation and no symmetry is broken in either of them.
The RVB electron liquid studied in the present paper is none other than a normal state at T > T c in order to study possible low-temperature ordered phases at T ≤ T c , such as the Néel state of itinerant-electron magnetism, which is of the zeroth order in 1/D, and an anisotropic superconducting state, which is of higher order in 1/D, and so on. It is plausible that the normal state proposed by Anderson [49] is none other than the RVB electron liquid studied in the present paper. The study of the present paper confirms the relevance of theory of high-temperature superconductivity in cuprate oxides [50, 51] , which is essentially based on the Kondo-lattice theory.
Lieb and Wu's insulator, which is stabilized only in the region of T = 0 K and |µ− µ 0 | < (1/2)ǫ G (U ) in the T -µ phase plane, is a low-temperature phase, in a sense, although no symmetry is broken in it nor no order parameter appears in it. Since Eq. (61), or 0 < ∆(ε) < +∞, is not satisfied for the low-temperature phase at T = 0 K, the theory in the present paper as it is, in which 0 < ∆(ε) < +∞ is crucial, cannot treat it. On the other hand, if a continuous transition occurs at T = 0 K or T = +0 K, an anomaly appears as T → 0 K, in general. The anomaly appearing as T → 0 K can be treated by the theory in the present paper, if relevant anomalous terms really exist and if they are properly considered. If the self-energy Σ σ (ε + i0, k) is continuous as a function of ε and k, it is straightforward to show by using an analysis similar to that in §IV A 2 that 0 < ∆(ε) < +∞ is satisfied and that, therefore, no complete gap can open. Thus, it is certain that a complete gap can open if and only if Σ σ (ε + i0, k) is discontinuous as a function of ε or k [14] . Within a preliminary study, however, no anomalous term can be found such that Σ σ (ε + i0, k), which is continuous as a function of ε and k at T > 0 K, becomes almost discontinuous as a function of ε or k as T → 0 K because of it. [68] Thus, Σ σ (ε + i0, k) is presumably continuous as a function of ε and k even in the limit of T → 0 K. This implies that the MI transition at T = 0 K as a function of T for |µ − µ 0 | < (1/2)ǫ G (U ) is also a discontinuous one, as the transition at µ = µ 0 ± (1/2)ǫ G (U ) as a function of µ at T = 0 K is a discontinuous one as studied in §III C. It is interesting to elucidate the nature of the MI transition in one dimension, which occurs only at the absolute zero Kelvin.
VIII. CONCLUSION
According to the classification of irreducible Feynman diagrams into single-site and multisite ones, physical properties whose Feynman diagrams are irreducible, e.g., the irreducible self-energy, the irreducible polarization function, the irreducible vertex function, and so on, of the Hubbard model are decomposed into single-site and multisite ones. Every single-site property is exactly equal to or exactly mapped to its corresponding property of the Anderson model, which has to be properly determined to satisfy the mapping condition. Certain local properties, which are not single-site properties, of the Hubbard model are also exactly equal to their corresponding properties of the mapped Anderson model, respectively; e.g., the density of state per unit cell of the Hubbard model is exactly equal to the density of state of the mapped Anderson model. The Kondo temperature T K (T ) is defined through the mapped Anderson model; because the mapped Anderson model depends on the temperature T for the Hubbard model, the T K (T ) depends on the T . The k B T K (T ) is the energy scale of single-site spin fluctuations in the Hubbard model; unless k B T K (T ) = 0, it is also the energy scale of the effective Fermi energy of an electron liquid at T ≪ T K (T ) in the Hubbard model.
The superexchange interaction can also be derived by field theory. It arises from the virtual exchange of a pair excitation of an electron in the upper Hubbard band and a hole in the lower Hubbard band. If the onsite repulsion is U and the transfer integral between nearest neighbors is −t/ √ D, where D is the dimensionality, the exchange interaction constant between nearest neighbors is J/D, where J = −4t 2 /U . This J agrees with the one given by the conventional derivation. The superexchange interaction is a multisite effect and is a higher-order effect in 1/D.
The Kondo-lattice theory is a perturbation theory to include perturbatively multisite or intersite terms in terms of an intersite mutual interaction, e.g., the superexchange interaction. The unperturbed state of the Kondo-lattice theory is constructed through the mapping to the Anderson model; in principle, all the single-site terms are rigorously considered in it. Since every single-site term is of the zeroth order in 1/D, the Kondo-lattice theory is also a 1/D expansion theory.
The density of states in the grand canonical ensemble is denoted by ρ µ (ε). In one dimension, according to the Bethe-ansatz solution, if T = 0 K then ρ µ (ε) is absolutely zero for an ε in the gap region; however, if once T > 0 K then ρ µ (ε) is more or less nonzero even for an ε in the gap region at T = 0 K. In D dimensions, ρ µ (ε) is more or less nonzero at a sufficiently high T such that T > T c , where T c = 0 K for D = 1 and T c is the highest critical temperature among all the possible ones for D ≥ 2. If the ρ µ (ε) being more or less nonzero at a T is seriously considered within the Kondo-lattice theory, k B T K (T ) is also more or less nonzero at the T . If T c ≪ T K (T ), the unperturbed state to be used at a T such that T c < T ≪ T K (T ) is the normal Fermi liquid, which is characterized by nonzero k B T K (T ). The nonzero k B T K (T ) has to be self-consistently determined with multisite effects to satisfy the mapping condition.
Almost half-filling cases in the strong-coupling region of U/|t| ≫ 1 are studied by the Kondo-lattice theory. The Focktype self-energy, which is of the first order in the superexchange interaction and is therefore a multisite term, is none other than the resonating-valence-bond (RVB) self-energy. The k B T K (T ) is enhanced to be as large as |J|/D by the RVB selfenergy: k B T K (T ) = O(J|/D). Thus, if D is sufficiently small such that k B T c ≪ |J|/D, an electron state at a T such that T c < T ≪ |J|/(k B D) is none other than the RVB electron liquid, which is stabilized by the Kondo effect assisted by the RVB mechanism. The density of states of the RVB electron liquid has a three-peak structure with a narrow mid-band between the upper and lower Hubbard bands, which corresponds to the three-peak structure with the Kondo peak between two sub-peaks in the Anderson model. The mid-band is on the chemical potential within the Hubbard gap; thus, the Hubbard gap is a pseudogap. The peak height and spectral weight of the mid-band are O(1/U ) and O[t 2 /(DU 2 )], respectively, per unit cell; and the bandwidth of it is O[t 2 /(DU )], or O(|J|/D). Since the mid-band is vanishing in the Heisenberg limit of U/|t| → +∞ with J = −4t 2 /U kept constant, the RVB electron liquid in the Heisenberg limit is almost a spin liquid or a quasi-spin liquid, whose energy scale is nonzero and O(|J|/D). However, the quasi-spin liquid shows a metallic conductivity.
According to previous studies on the Kondo effect, the local electron liquid in the Anderson model and the local spin liquid in the s-d model are adiabatically connected to each other, although the local gauge symmetry does not exists in the Anderson model while it exists in the s-d model. According to the scaling theory for the Anderson localization, if no symmetry breaking nor restoration occurs at a metal-insulator transition, there can be no critical point between metallic and insulating phases. This fact means that the metallic and insulating phases are adiabatically connected to each other, although the conductivity of the metallic phase can be divergent and that of the insulating phase can be zero. On the basis of these previous studies and the study in the present paper, it is proposed that the RVB electron liquid in the Hubbard model and the RVB spin liquid in the Heisenberg model are adiabatically connected to each other, although the local gauge symmetry does not exist in the Hubbard model and the conductivity of the RVB electron liquid is metallic while the local gauge symmetry exists in the Heisenberg model and the conductivity of the RVB spin liquid is zero.
According to the Bethe-ansatz solution, the half-filled ground state in one dimension is an insulator with a complete gap open, or Lieb and Wu's insulator. On the other hand, if the ρ µ (ε) being more or less nonzero at a nonzero T is seriously considered within the Kondo-lattice theory, what is stabilized at a nonzero and sufficiently low T such that 0 < k B T ≪ |J|, even at T = +0 K, is the RVB electron liquid in almost half-filling cases, even in the exactly half-filling case; it is also the TomonagaLuttinger liquid. Pieces of evidence are given that the metal-insulator transition in one dimension, which occurs at T = 0 K, is a discontinuous one.
